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Supersonic Expelled Jets from Squeezed Fluid Singularities
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It is demonstrated analytically and experimentally that supersonic � ows can be achieved using hand-powered
tabletop apparatus designed to exploit singularities in � uid dynamic equations. Squeezed � uids occupy volumes
that are shrinking in time because of external applied forces with boundaries closing to zero separation in the
limit. Fluid velocity gradients are inversely proportional to the shrinking spatial separations, and closure to zero
sends these gradients to in� nity. These in� nite gradients can then drive energetic � uid expulsion in perpendicular
nonsqueezed directions. Mathematically, squeezing introduces regular singular points into the governing � uid
equations to force singular solutions.

I. Introduction

F LUID dynamics research has long sought to understand and
manipulate the gradientsingularitiescalled shock waves where

� nite discontinuitiesappear in � uid densitiesand velocities.1;2 Sim-
ilarly, pistonlike systems that squeeze � uids are exploited to gen-
erate potential singularities in density and other � uid parameters
of interest. For instance, shock tunnels compress gases to the point
where they burst thickmetal diaphragms,2 ;3 the handheldDiamond-
Anvil generates up to 2 £ 106 atmospheres of pressure,4 cavita-
tion produces energy densities suf� cient to pit steel,5 sonolumines-
cencegeneratestemperaturesin excessof 100,000deg,6– 8 explosive
compression of magnetic � elds gives planned strengths of 1000
T (Refs. 9 and 10), whereas experiments on supernovae collapse
use inertial con� nement fusion to obtain temperatures in excess of
100 £ 106 deg.11

Of more interest to this paper are � ow systems designed to gener-
ate velocity singularities.Examples include the separation point of
boundary layers1 ;2 where both � uid parameters and � uid gradients
develop singularitiesand where respectively,analytic solutions, the
continuum assumptions of � uid mechanics, and most simulation
approachesall break down. In addition, high-Reynolds-numberhy-
drodynamic � ows have been shown to develop singular velocity
derivatives in � nite time.12

The precedingapproachesfeature � uid � ow in regions character-
ized by stationaryboundaries.In contrast, we consider regionswith
movingboundarieschosenso that the boundaryequationsof motion
radically change the nature of the solutions to the � uid equations.
In effect, the boundary dynamics modi� es the underlyingsystem of
� uid equations to change the available solution space. An example
of a system that uses dynamical boundaries to access velocity sin-
gularities is the partitioningof a � uid into two parts as, for instance,
when a � uid drop � ssions in two13;14 or as thin � lms are pinched
to zero thickness.15 A speculative proposal to accelerate interstel-
lar spacecraft using this same velocity singularity created as two
asteroids collide or scissor together has also been made.16

This papergeneralizesRef. 15 to large-scalesystemsby imposing
external squeezingforces on simple � uid systems to obtain velocity
singularities and supersonic expelled jets. We demonstrate analyt-
ically, numerically, and experimentally that simple hand-powered
equipment can drive supersonic� ows at potentiallyvery high Mach
numbers.

This result is counterintuitive as previous � uid dynamical mod-
els generally restrict their attention to stationary and nonsqueezed
boundaries. (A rare counterexample considers high-speed trains
entering tunnels.17;18 ) Further, the computational intractability of
simulating a � uid singularity (an in� nite amount of computer re-
sourcesare required) has led to singularityproblemsbeinggenerally
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ignored. In contrast, we consider that the pistonlike systems just
mentioned can have their designs modi� ed so that their � uid sin-
gularities are harnessed to drive supersonic escape � ows. Then, the
same squeezing singularities that provide elegant access to extreme
� uid temperaturesand densitieswill also providesimple and elegant
mechanismsto drive escape� ows at high Machvalues.The research
question of interest is not whether these velocity singularities exist
but is rather “How fast can we go?”

The ultimate answer to this questioncan only be obtainedby con-
sideringregularsingularpoints in relativistic� uid equationsapplied
to large astrophysical systems. Elsewhere, we consider relativistic
jets from astrophysicalsystems with immense crushing (or squeez-
ing) gravitational � elds.19 At the other end of the scale, we also
consider how the squeezing of car tire cavities contributes to the as
yet unexplained far-� eld sound intensity of car tires.20

Singularsolutionsto � uidequationsare forcedwhena regularsin-
gular point appears in the governingequations and is demonstrated
in Sec. II using several well-known examples such as the crack-
ing whip and one-dimensional � uid � ow through pipes of variable
cross section. We begin our analysis of squeezed systems by red-
eriving the Euler equations under squeezed boundary conditions in
Sec. III. Subsequently,we discuss approximateanalyticsolutionsto
the squeezed Euler equations in Sec. IV and show numerical simu-
lations of the expelled � ows in Sec. V. Finally, in Sec. VI we show
the results of an initial proof-of-conceptexperiment to con� rm our
earlier analysis.

II. Velocity Singularities in Squeezed Fluids
Squeezed � uids occupy shrinking regions with boundaries clos-

ing to zero separation in the limit. Fluid velocity gradients are in-
verselyproportionalto the shrinkingspatial separations,and closure
to zero sends these gradients to in� nity. The in� nite gradients be-
tween the inside compressed region and the outside uncompressed
region can then drive energetic � uid expulsion in directionsperpen-
dicular to the squeezing direction. This mechanism can be formal-
ized using the continuity equation1;2

@t ½ C @x .½vx / C @y.½vy/ D 0 .1/

proscribing � uid density ½ with velocities .vx ; vy/ in directions
.x; y/. (@® expresses rates of change in coordinate ®.) Consider
a piston closing vertically in the y direction with � nite velocity
differentials 1.½vy / < 0 appearing over shrinking displacements
1y ! 0. A fully enclosedpiston lacks escape � ows (vx D 0), giving

@t ½ D ¡1.½vy /

1y
! 1 .2/

with singular solution ½.t/ ! 1 in the limit 1y ! 0.
In contrast, consider a squeezed system that lacks constraining

sidewallsso that escape� ows arepossiblewith vx 6D 0.Such systems
are then described by the modi� ed continuity equation

@t ½ C @x .½vx / D ¡1.½vy /

1y
! 1 .3/
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with singular solution ½.t/ ! 1 and/or vx .t/ ! 1 in the limit
1y ! 0. This equation models high-speed jets expelled perpendic-
ular to applied squeezing forces.

As an exampleconsiderthe crackingwhip that transmits constant
power (the � uid) througha mediumof decreasinglineardensity.The
constant rate of power � ow is given by the product of the squared
amplitudeof wave motion and the density per unit length. Then, the
taperingof the whip to zero density necessarily increases the ampli-
tude until the tip speed breaks the sound barrier.21;22 This velocity
singularity appears in the governingequations giving the transverse
displacement Ã for a cracking whip under constant tension T , as

½.x/@tt Ã D T @x x Ã .4/

The decrease in linear density ½.x/ ! 0 for large x ensures that the
transverse acceleration@tt Ã ! 1 to maintain the nonzero value of
the right-hand side (RHS) of this equation.

A similar zero asymptote governs one-dimensional � uid � ow
through pipes of variable cross section. Here, conservationof mass
ensures that the product of pipe area and � uid velocity remains a
constant,1 ;2 so that shrinkingthe pipe forceshigher� ow speeds.The
governing equations relate linear density ½ and horizontal velocity
v to cross-sectionalarea A.x/ via

@t .½ A/ C @x .½ Av/ D 0 .5/

The injection form of this equation clari� es physicalmeaning in the
limit of shrinking cross-sectionalarea A ! 0:

@t .½/ C @x .½v/ D ¡
½v A0

A
.6/

where A0 D @x A. This equation clearly shows that the combined
limits A ! 0 while @x A 6D 0 will tend to either choke the � ow
@t ½ ! 1 or allow supersonic � ow @x v ! 1. Unfortunately, the
presence of the additional velocity term v on the RHS means that
this equation is most easily satis� ed with v D 0 ensuring that chok-
ing occurs.We will later show that the squeezedsystems considered
in this paper, duplicate solid-fuel rockets in that mass and momen-
tum injection, reinforce each other to drive ever faster and hotter
expelled � ows, which suggests that choked � ows will not be a nec-
essary feature of squeezed systems.

Mathematically, squeezing an arbitrary � uid introduces regular
singular points into the governing equations, which can force sin-
gular solutions as shown by the zeroth order Bessel’s equation for
½.y/:

y.½ 00 C ½/ D ¡½0 .7/

The � nite Bessel function of the � rst kind ½.y/ D J0.y/ has
J 0

0.0/ D 0 trivially satisfying the equation at the origin. In contrast,
the unboundedBessel functionof the second kind ½.y/ D Y0.y/ has
gradient Y 0

0.0/ 6D 0 and y ! 0 forces [Y 00
0 .0/ C Y0.0/] ! ¡1 and

Y 0
0.0/ ! 1.

III. Fluid Dynamics in Squeezed Cavities
Most � uid dynamical� ow problems are solved in regionsde� ned

by stationaryboundaries. In contrast, we consider a region with dy-
namic boundarieschosen to change the nature of the solutionsof the
system of � uid equations.The boundarydynamics are described by
their own boundaryequations,which are additionalto the usual � uid
equations. Adding further equations to a given system of equations
will usually change the nature of the solution space.

Consider the � uid in a region contracting because of external
appliedforcesas shown in Fig. 1. Here a boardof length L and width
W are descendingat velocityw toward a surface.The enclosed � uid
is moving with velocity .vx ; vy/ and is expected to be ejected from
between the boards into the outside uncompressed region as the
internal pressure builds up. (We exploit symmetry to ignore the z
direction.) We model the separationdistanceas d.t/ D d0 f .t/, with
time-dependent function chosen so that f .0/ D 1 and w D d0

Pf .
This system is entirelydescribed by the usual Euler equations to-

gether with dynamical boundaryconditionsspecifyingthat the � uid
velocity is constrained to have vy D w along the top and bottom
surfaces of the descending board and to have vx D 0 on the right-

Fig. 1 Squeezed geometry.

most verticaledge of the board. (Here we consideran inviscid� uid.)
An entirely identical description of this squeezed physical sys-
tem can be obtained by making a time-dependentcoordinate trans-
formation

x D x; y D f .t/Â C g.t/; t D t (8)

designedto mathematicallyrenderthemovingboardstationary.This
result is achieved by choosing f .t/ and g.t/ so that as the board in
real space changes its y position the functions f and g are varied
so as to leave the Â position of the board constant in computational
space. Standard change of coordinate methods23 or consultationof
the helpfulRef. 24 then give the computationalspace � uid equations
as

@tU C @x F C @Â G D 0

U D
f½

f½vx

f½vy

; F D
f½vx

f ½v2
x C ½° =°

f½vx vy

(9)

G D
f½vÂ

f½vx vÂ

f½vyvÂ C ½° =°

Here, we mix terms vy and vÂ D .vy ¡ Pf Â ¡ Pg/= f to maximally
simplify the equations and show the mass continuity (top line) and
momentum conservationequationsin the x and y directionswith ve-
locitiesvx and vy , respectively.The adiabatic limit is realized by re-
lating � uid pressure p to � uid density ½ as p D ½° , where ° D 1:4 is
the usual ratio of speci� c heats.All variablesare dimensionlesswith
dimensioned (primed) variables being given by x 0 D x L, v 0 D va0,
p0 D pp0 , ½ 0 D ½½0, and t 0 D t L=a0 with L being some convenient
length parameter and a2

0 D ° p0=½0 is the local speed of sound in
ambient pressure and density conditions of p0 and ½0 . With these
choices a unit velocity equates to the speed of sound in the � uid.

In real space the squeezing of the boards compresses the inside
air to expel a jet of air, whereas in computational space the board is
stationaryandsqueezingforcesare convertedinto mass and momen-
tum injectionsources.These injectmatter everywhereinto the space
between the boards to raise the density and to expel the observed
jet of air. We thus expect that the squeezed system is equivalent to
a mass-injection solid-fuel rocket.1;2 That this expectation is rea-
sonable can be shown by considering the case of linear squeezing
f .t/ D 1 ¡ t=T , Pf D ¡1=T , g D 0 where T D d0=w is the closure
time of the cavity. Further, when the cavity length is much greater
than the height L À d.t/, then sound waves can rapidly traverse the
height of the cavity many times to smooth vertical velocities so that
vÂ D 0, vy D Pf y, and @Â ½ D 0, which reduces the Euler equations to

@t

f½

f½vx
C @x

f½vx

f ½v2
x C ½° =°

D 0 .10/

or in injection form

@t

½

½vx
C @x

½vx

½v2
x C ½° =°

D ¡
Pf
f

½

½vx
.11/



GAGEN 1253

This clearly shows a one-dimensional system with mass and mo-
mentum injection terms of ¡ Pf ½= f and ¡ Pf ½vx = f , respectively.
Thus, a squeezed system is equivalent to a fuel-injected rocket, but
as f ! 0 with an ever-increasing mass of fuel injected with an
ever increasingmomentum. This system is not expected to undergo
choking.These equations also demonstrate that we expect large ex-
pulsion velocities in either the case of large wall velocities, Pf ¼ 1
in dimensionless units, or when f ! 0 to access the singularity.

IV. Analytic Solutions to Squeezed Systems
In this section we provide approximate analytic solutions for the

� uid � ow in squeezed systems. A physical understanding of the
squeezed system of Fig. 1 is readily had by considering a constant
density approximation that allows equating the loss of internal vol-
ume ±V D ¡LWw±t with the gain in volume of the expelled jet
±V D Wd.t/v.L; t/±t giving

v.L ; t/ D ¡wL=d.t/ D ¡ Pf L= f .12/

Simple experiments con� rm the importance of the spatial ampli� -
cation factor L : clap your hands with � ngers together (L ¼ 3 cm)
and with � ngers apart (L 0 D L=4) noting the different sounds.

A � rst solution of interest is obtained for the one-dimensional
fuel-injected rocket, Eq. (10), when we consider a squeezed cavity
with both ends closed—a piston—obtainedby settingall x gradients
and vx equal to zero, which reduces Eq. (10) to @t . f½/ D 0 with
nondimensionalsolution

½.t/ D 1= f .13/

showing the expectedsingularity in density as f ! 0 for this piston
system.

A secondsolutionapplies to an open-endedcavitywith nonzero x
gradients and velocities vx 6D 0. We still consider expulsion veloci-
ties small enoughto satisfyv2

x D 0. If we then assumeapproximately
constant density ½ D 1, then Eq. (10) is satis� ed by

vx .x; t/ D ¡ Pf x= f .14/

which extends the previous heuristic solution of Eq. (12). This so-
lution is strictly valid only while vx < 0:3, where free-� owing air
remains approximately uncompressed, but this is expected to be
satis� ed for initial stages of squeezing.

These approximate solutions can be used to gain some insight
into the structure of the expelled air jet. In time ±t, a mass
±m D ½LWd0

Pf ±t is expelled at velocity vx .L; t/ given by Eq. (14)
andwith kineticenergy±E D 1

2 ±mv2
x , and this integratesto give total

mass expulsion to time t of

m.t/ D m0.1 ¡ f / .15/

and total kinetic energy of the expelled jet of

E.t/ D ¡E pT 2
t

0
dt

Pf 3

f 2
.16/

where m0 D ½LWd0 is the initial � uid mass and E p D 1
2
m0.L=T /2

is the kinetic energy of a mass m0 moving over distance L in closure
time T . For the linear squeezing case with loss of volume given by
±V=V D t=T D 1 ¡ f , this gives

E D E p.t=T f / .17/

This last relationship shows the kinetic energy of the expelled jet
showing a singularity as f ! 0.

The velocity solution of Eq. (14) can also be used to suggest the
evolution of spatial density concentrations along the length of the
expelledjet that might sourceshockwaves formation.Consider a jet
with expulsion velocity given by Eq. (14) expelled into an external
environment of low density so we can ignore external frictional
braking. The position at closure time T of a particle expelled at the
earlier time t is then

X .t; T / D L C v.L ; t/.T ¡ t/ .18/

For linearsqueezingwe have f .t/ D .1 ¡ t=T / giving X .t ; T / D 2L
for all of the expelledparticlesin the air jet implyingan approximate
density distribution of

½.x; T / / ±[x ¡ 2L] .19/

Such density concentrations, if large enough, can source the for-
mation of shock fronts within the jet. We note that this elementary
treatmentignoresvortexdynamicsin theexpelledjet and turbulence.

V. Numerical Simulations
Squeezedcavitiesare analyticallyintractableand necessitatea re-

sort to computational � uid dynamics (CFD). CFD approaches can
beused to gain insightinto the dynamicsof squeezedsystemsbut are
severely limited as the simulation of a singularity requires an ever
� ner computational mesh, and the increasing computational load
will eventually overwhelm the capacity of any computer. Further,
it is not entirely clear that CFD approaches will, even in principle,
be able to distinguish between common divergences caused by in-
stabilities in the code and singularities present in the solution. This
sectionprovidesan initial assessmentof the abilityof the simplestof
CFD approachesto modelsqueezedsystems.We useMacCormack’s
technique, which employs an explicit � nite element method that is
second-order accurate in space and time.25;26

Consider a cavity of length L D 30 cm and height and width
d0 D W D 5 cm. The cavity undergoes a linear compression d.t/ D
d0 f .t/ with f D 1 ¡ t=T , giving closure velocity w D d0

Pf D
¡d0=T D ¡10 m/s and T D ¡d0=w D 5 ms.

A qualitativeunderstandingof the simulationscan be obtainedas
follows. The closure of the cavity will raise the internal density and
cause the cavity to begin to evacuate as a rarefaction wave propa-
gates from the open end into the cavity. This wave front will move
at the local speed of sound, so that the wave will take about L=a0 ¼
1 ms to traverse the full length of the cavity. During this time, sound
waves can cross the height of the cavity many times to equilibrate
the density in the vertical direction. Also, before the wave front
arrives � uid gradients in the x direction are necessarily zero, and
so the piston solution of Eq. (13) is applicable. Qualitatively then,
we expect our simulations to show a rarefaction wave propagating
from the open end of the cavity into a region showing a density in-
crease proportionalto 1=.1 ¡ t=T / with a singularityas t ! T . The
expulsion velocity gradients are driven by the density gradients be-
tween the inside of the cavity and the outsidewith ½ D 1 suggesting
expulsion velocities going as vx / ½.t/ ¡ 1 / 1=.1 ¡ t=T / again
showing a singularity as t ! T . These qualitative discussions are
borne out in the simulations.

The CFD numerical simulation is shown in Fig. 2, which shows
the squeezingboard as being stationary in computation space while
dropping in physical space to cause a 2% compression in graph
Fig. 2a and a 10% compressionin graph Fig. 2b. The left and bottom
walls arenot shownfor clarity.Wenote thatthreeseparatecoordinate
transformations are used in these � gures to represent those parts
of the physical space that are being squeezed, being expanded, or
merely being translated. This means that the y axis contains three
vertical time-dependent scales as shown.

In graph Fig. 2a we see that a compression wave of higher den-
sity is propagating in the ¡y direction away from the moving edge
of the board. This region of higher density then begins to exhaust
from the cavity as a rarefaction wave begins to propagate at the lo-
cal speed of sound into the region of higher density. The difference
in horizontal and vertical scales makes the rarefaction wave appear
to move a smaller distance than the compression wave. In graph
Fig. 2b we see that the compressionhas approximatelyequilibrated
the density across the cavity, and with 10% squeezing ( f D 0:9) the
density has increased as predicted by Eq. (13) with ½ D 1= f D 1:11
atmospheres. This result gives us some con� dence in the accuracy
of the numerical simulations. The rarefaction wave has propagated
about half the length of the cavity at this time. Once the air begins
to evacuate, the piston solution is no longer valid, and we must con-
sider the velocity solution of Eq. (14) with its linear dependence
on position x . The validity of this linear solution is well demon-
strated in Fig. 3 at the time of 10% squeezing giving con� dence in
the numerical simulations. The rarefaction wave has traveled about
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a)

b)

Fig. 2 Density pro� le of the air contained within the squeezed cavity
(with left and bottom walls not shown) at times representing a) 2%
squeezing at t = 0:1 ms and b) 10% squeezing at t = 0:5 ms. The density is
given in dimensionless units with the maximum pressure observed in b)
with 10% squeezing ( f = 0:9)as predicted by Eq. (13) with ½ = 1/f = 1:11
atmospheres. (Note the changing scales along the y axis.)

Fig. 3 Linear dependence of expulsion velocity on position x as pre-
dicted in the analyticsolutionof Eq. (14) is shown in dimensionless units
at time t = 0:5 ms. At this time we have 10% squeezing with about half
the cavity evacuating. (Note the changing scales along the y axis.)

half the length of the cavity, and the evacuating air clearly shows
the expected linear increaseof velocity with position. (Note that the
air accelerates around the sharp corner of the board giving higher
velocities.)

A grid-dependencetest was performedto assess the quality of the
simulations and compared � ow parameters at the point labelled G
in Fig. 1 located exactlyhalf way between the descendingboardand
the bottom surface (Table 1). Here we see that a doublingof the grid
density causes only small changes in calculated � uid parameters of
order 8 £ 10¡3 for 10 and 20% squeezingand increasingto 4 £ 10¡2

for 30% squeezing.The simulationsdemonstrategrid independence
for small squeezing, so that we restrict all simulations to a maxi-
mum of 10% squeezing and employ a grid of 61 £ 61 points (not
all lines are drawn in the � gures). The causes of the increasingerror
for large values of the squeezing include the sharp corners of the
falling board, the absence of arti� cial viscosity because of dif� cul-
ties caused by the complex time-dependentcoordinatesystems, and

Table 1 Grid-independence test comparing � uid parameters for grid
sizes 61 £ £ 61 and 121 £ £ 121a

Time % Squeezing ½ 1½ vx 1vx

Grid 61 £ 61
0.567 10 1.05467 —— 0.060118 ——
1.134 20 1.06879 —— 0.165234 ——
1.701 30 1.06371 —— 0.272322 ——

Grid 121£ 121
0.567 10 1.04627 0.0084 0.066700 0.0066
1.134 20 1.05956 0.0092 0.174244 0.0090
1.701 30 1.01985 0.044 0.334438 0.062

aWe show elapsed time and percentage squeezing D [1 ¡ f .t/] with density ½, expul-
sion velocity vx , and simulation differences.

re� ected waves caused by the small size of the simulation area. (We
later discuss the dif� culties of satisfying the Courant stability and
accuracy conditions.)

The numerical observationsof the rarefactionwave can be quan-
ti� ed as follows.The rarefactionwave necessarilymovesat the local
speed of sound, which is determined by the local density obtained
from the heuristic piston solution of Eq. (13). This gives the local
speed of sound at position .x; t/ before the arrival of the rarefaction
wave as

a.x; t/ D ¡½.° ¡ 1/=2 D ¡.1 ¡ t=T /¡.° ¡ 1/=2 .20/

The rarefaction wave starts at position x D 1 and propagates to the
left with the rarefaction wave front located at

xr .t/ D L ¡ [2a0T=.3 ¡ ° /] 1 ¡ .1 ¡ t=T /.3 ¡ ° /=2 .21/

in dimensionedunits.This immediatelygives themaximumdistance
that a rarefaction wave can travel by the closure time T as

xmax.T / D L ¡ xr .T / D 2a0T=.3 ¡ ° / .22/

All � uid to the left of this moving wave has zero horizontal velocity
and hasdensitywell-describedby the pistonEq. (13). The preceding
conditionalso serves as a guide to experimentaldesignas maximum
expulsion velocities are obtained by maximizing the density gradi-
ents that occurwhen the rarefactionwave just has time ¿t to traverse
the full length of the cavity ¿t ¼ L=a0 as closure occurs ¿c ¼ d0=w.
Relating these two time scales ¿t and ¿c gives experimental design
guidelines:

wL=d0 ¿ 2a0=.3 ¡ ° / (low Mach speeds)

¼ 2a0=.3 ¡ ° / (high Mach speeds)

À 2a0=.3 ¡ ° / (� uid trapped, high Mach speeds) (23)

The experiment discussed in the next section has d0 D 5 cm, L D
30 cm, and w D 10 m/s, so that our experimental parameters give
wL=d0 D 60m/s ¿ 2a0=.3 ¡ ° / D 425 m/s and thus has scope for
design improvementsgiving expulsionvelocitiesgreater by a factor
of at least seven.

The timescale of the preceding simulations has been carefully
restricted to ensure that the simulations are stable and accurate and
to minimize the effects of re� ections from the simulationboundary.
In all cases the simulations have demonstrated grid independence
(with doublingof grid sizes) and by the successfulcomparisonswith
analytic results. At this stage the simulations cannot be extended to
show supersonic� ow as satisfying the Courant condition is dif� cult
in this squeezed system. The Courant condition for stability in hy-
perbolic equations requires that the simulation time step is shorter
than the minimum time taken by a sound wave to travel across a
grid step. In the squeezed system considered here, the vertical grid
is shrinking in time by the factor f .t/ ! 0, whereas the horizontal
grid size is unchanging.The Courant condition then maintains sta-
bility by forcing the time step to shrink to zero. Unfortunately this
decreases the accuracy of the solutionas the numerical domains for
information in� uencing a grid point begin to vastly exceed the ana-
lytic domainsof that point leadingto dynamic instabilitieswith their
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characteristic exponentially growing alternating positive and nega-
tive errors.25 We thus expect our numerical simulation to fail at just
the point of interest as f .t/ ! 0, and so we restrict our simulation
times appropriately. Squeezed cavities are generally numerically
intractable, and we now turn to consider experimental veri� cation
of the � ow speeds of expelled jets.

VI. Experiments with Expelled Air Jets
The preceding results are counterintuitive because of their nov-

elty, and so a rough experiment was conducted to assess their
reliability.

Two boards of length L D 30 cm were hinged together at one end
while side walls were used to ensure that expelled air traversed the
full length L . The boards were slapped together at speeds of about
w D 10 m/s with the freestream p1 and static p0 pressures of the
expelled jet being measured by pressure transducers of diameter
around 5 mm and of sensitivity about 114.2 mV/psi. (The large size
of these transducers causes underestimation of jet velocities in the
� nal stages of closure when the jet is less than 5 mm in height.)
The expelled jet lasted only for milliseconds with measurement
timescalesof interest lastingonly some tens of microseconds,which
necessitated use of a 40-MHz virtual capture oscilloscope to read
the transducer signals.

The pressurereadingswere convertedto a Mach speedusing stan-
dard subsonic or supersonic formula2 and are shown in Fig. 4. Also
shown here is the theoretical curve for incompressible air expelled
from hinged boards:

vx D
L

2.T ¡ t/a0
.24/

normalized to the speed of sound a0 D 340:252 m/s. This result
differs from Eq. (12) by a factor of 1

2 as hinged boards trace pseudo-
triangular arcs of half the area of the previous rectangles. There is
excellent agreement between theory and experiment in the regime
of validity vx < 0:3.

Maximum measured jet speeds occurred with p0 D 1:76 § 0:07
and p1 D 0:74 § 0:07 atmospheres to give a Mach speed of
1:19 § 0:07 and � ow speed of 386 § 21 m/s, which is roughly in
accordancewith the heuristic analysis of Eq. (24) with the expected
expulsionvelocityin the last0.5 cm of closure[d.t/ D 0:5 cm] being
v ¼ Lw=[2d.t/] ¼ 10 £ 0:3=.2 £ 0:005/ ¼ 300 m/s.

Fig. 4 Expelled jets from squeezed systems. The trigger time is at t = 0
with estimated closure time T = 0:825 ms. Curves shown are (a) the
stagnation pressure p0 (atm), (b) the freestream pressure p 1 (atm),
(c) the heuristic normalized expulsion velocity for incompressible � u-
ids v = L/[2(T ¡¡ t)a0], and (d) the Mach speed of the expelled � ow. The
measurement errors in the pressure readings (a) and (b) are §§ 0:07 at-
mospheres giving a calculated error for the maximum Mach speed of
1:19 §§ 0:07 (curve d). There is excellent agreement between the ana-
lytic predictions (c) and experiment in the regime of validity vx < 0.3 in
dimensionless units.

Experimental errors in � ow speeds are determined analytically
from a combination of the measured calibration curves of each in-
dividual pressure transducer together with an estimated error al-
lowance for turbulenceand � ow disturbancecaused by the pressure
transducers.Estimates are subsequentlyjusti� ed by examinationof
the variance of the calculated � ow speeds and by comparison to
analytic results.

We note that a number of simple design changes can modify the
geometry and velocities in this experiment to drive higher escape
velocities.These include doubling the length of the cavity L ! 2L ,
doubling the closure velocity w ! 2w by using a longer hammer,
and shrinking the initial height of the cavity d0 ! d0=2. We further
expect that more sensitive measurement techniques such as laser
Doppler velocimetry might conceivably double observed velocities
as the current pressure transducers have diameter around 5 mm
and cannot properly measure jets of height 1 mm. The possibility
also exists that increasing the internal air pressure by narrowing the
escapechannel (to borrowfromstandardshock tunnel technologies)
might also increase escape � ows by a factor of two. All together,
these speculationssuggest that it is possiblethat signi� cant expelled
� ow velocities might be possible from hand-powered and tabletop
squeezed systems. The experiment of this section has served as a
proofof concept,and investigationof higher-speed� ows will be the
subject of later reports.

VII. Conclusion
We have demonstrated that squeezing an arbitrary � uid system

embeds regular singular points into the equations of motion, which
can drive solutions to singularities. These singularities can be har-
nessed in piston systems to access extreme � uid temperatures and
densities. We show analyticallyand experimentally that these same
singularities can elegantly drive supersonic expelled � ows from
squeezed systems. The signi� cance of this demonstration lies in
recognizing that squeezing drives many expulsion processes in na-
ture including � ssioning � uid drops or evaporating � uid surfaces,
astrophysical systems with large crushing gravitational � elds, and
in unexplained sound emission from squeezed cavities in car tires,
among others.

This paper also provides an additional demonstration that dy-
namic boundary conditions can radically change the solution space
of the partial differential equations governing � uid � ow. While
� uid � ows through pipes, around objects or in regions with station-
ary boundaries offers complex dynamical behaviors, adding time-
dependent boundaries vastly enriches the available solution space.
In this era of high-powered computers it is no longer necessary
to avoid investigating systems with dynamical boundaries. Hope-
fully this paper will stimulate investigations into a wider range of
time-dependentboundary conditions that radically modify solution
characteristics.

To address the interestingproblem of the interactionbetween the
two boundary layers attached to the squeezing walls as the walls
close to zero separation is beyond the scope of this paper. Although
it is not at all clearwhat compressed,sheared,and interactingbound-
ary layers will do, viscous � ows lie outside the scope of this project.
We further note that squeezed systems cannot easily be character-
ized by a single Reynolds number usually de� ned in terms of some
typical � ow length L as

R D ½vL=¹ .25/

with � uid viscosity ¹. The interesting dynamics in squeezed sys-
tems appears in the � nal stages of closure when the cavity length
L D 30 cm is greater than the cavity height d.t/ D 1 mm by a fac-
tor of 300. The Reynolds number determines the characteristicsof
� ow, and it is not clear what happens in squeezed systems that fea-
ture time-dependent lengths on both macroscopic and microscopic
scales. Squeezed systems are characterized by ill-de� ned and time
dependent Reynolds numbers.
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